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Abstract. In this paper, we study conditions for extending Quillen model category proper-
ties , between two symmetric monoidal categories, to their associated category of symmetric
sequences and of operads. Given a Quillen equivalence λ : C = Ch≥t(k) ⇄ D : R, so that
D is any symmetric monoidal category and the adjoint pair (λ,R) is weak monoidal, we
prove that the categories of connected operads OpC and OpD are Quillen equivalent. This
expands an analogous result of Schwede-Shipley([SS03]) when we replace these categories
of operads with the sub-categories of C-Monoid and D-monoid.
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Introduction
This paper was inspired by the work of Schwede-Shipley who studied conditions for extend-
ing Quillen equivalences of two symmetric monoidal model categories to Quillen equiv-
alences on the associated sub-categories of monoids. With good assumption, the circle
product endows the category of symmetric sequences with a monoidal structure, and in
that case an operad over the underlying category is simply a monoid in the category of
symmetric sequences. The study of Schwede-Shipley still do not apply in this case since
the circle product is not symmetric and does not distribute over colimits.
However, putting the same assumption as in their paper, we are able to come out with
an analogous result when the left underlying category is C = Ch≥t(k), (t ∈ N ∪ {−∞}),
the category of t-below truncated chain complexes. Our method consists of constructing
first of all an explicit model of the realization functor for simplicial operads over Ch≥t(k).
This enable us to prove the following theorem (see Thm 21)
Theorem A. Let P• be a simplicial operad on chain complexes C = Ch≥t(k), (t ∈ N ∪
{−∞}). Then for any integer r ≥ 0, there is a quasi-isomorphism
Γ : |Bc(B(P•))(r)|C
≃
−→ |P•|OpC(r)
Every weak monoidal Quillen pair λ : C ⇄ D : R lifts, under good hypothesis, to a
weak monoidal Quillen pair λ : [FinSet, C] ⇄ [FinSet,D] : R between their associated
categories of symmetric sequences, and this later lifts to an adjoint pair L : OpC ⇄ OpD :
R.
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Now given any cofibrant operad, we consider its simplicial resolution to prove , using
theorem A, the next proposition (see prop 25) which gives a relation between the functors
λ and L.
Proposition A-1. Let λ : C = Ch≥t(k)⇄ D : R be a weak monoidal Quillen pair between
the category (Ch≥t(k),⊗, k), (t ∈ N∪{−∞}), and any other symmetric monoidal category
(D,∧, ID). If P is a cofibrant operad in Ch≥t(k), then the morphism λ(U(P )) −→ UL(P )
, which is adjoint to the unit η : P −→ RL(P ), is a weak equivalence.
This later proposition is the key ingredient to prove the main result of this paper (see
theorem 24).
Theorem B. Let λ : C = Ch≥t(k)⇄ D : R be a weak monoidal Quillen pair between the
category (Ch≥t(k),⊗, k), (t ∈ N ∪ {−∞}), and any other symmetric monoidal category
(D,∧, ID). If the pair (λ,R) is a Quillen equivalence, then so is the pair L : OpC ⇆ OpD :
R.
Outline of the paper
In section 1, we give the background on chain complexes, coalgebras, lax symmetric
monoidal functor, and symmetric sequence. In section 2, we study the extention of weak
monoidal Quillen pair and Quillen equivalence , between two symmetric monoidal model
categories, to the associated category of symmetric sequences. In section 3, we define the
cosimplicial frame for the realization functor of simplicial operads, and we prove theorem
A. We end by giving a simplicial resolution of any arbitrary cofibrant operad. Section 4
is dedicated to the proof of theorem B.
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1 preliminaries
1.1 Chain complexes
Let k be a field. In this note, we denote by Ch(k) the category of differential Z- graded
chain complexes over k. This category has a symmetric monoidal structure given by:
∀V,W ∈ Ch(k), (V ⊗W )n := ⊕
p+q=n
Vp ⊗Wq
and differential, ∀x ⊗ y ∈ Vp ⊗Wq, d(x ⊗ y) = d(x) ⊗ y + (−1)
px ⊗ d(y); The switch
morphism T : V ⊗W −→W ⊗ V must respect the Koszul sign: T (x⊗ y) = (−1)pqy ⊗ x.
The unit of the monoid −⊗−, that we denote abusively k, is the chain complex having
k in degree 0 and is trivial in the above degrees.
We denote by Ch≥t(k), the sub-category of Chk which consist of t-below truncated
chain complexes with t ∈ N ∪ {−∞}, where Ch≥−∞(k) = Ch(k). The enduced tensor
product −⊗− endows the category Ch≥t(k) with a monoidal structure.
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Model category structure on Ch≥t(k), t ∈ N
The category Ch≥t(k) is a cofibrantly generated model category (for instance see ( [Qui67,
II p. 4.11, Remark 5 ], [DS95, Section 7 ]):
- weak equivalences are quasi-isomorphisms;
- fibrations are surjections and
- cofibrations are monomorphisms with degreewise projective cokernels.
In the case the characteristic of k is 0, all objects are cofibrant and fibrant in this model
category.
Model category structure on Ch(k)
The category Ch(k) is a cofibrantly generated model category (for instance see [HPS97,
remark after Thm. 9.3.1]):
- weak equivalences are quasi-isomorphisms;
- fibrations are surjections and
- cofibrations are morphisms having the left lifting property with respect to trivial
fibrations.
In this model category, the cofibrations, that we do not describe explicitely, are in partic-
ular degreewise split injections.
1.2 Cofree cocommutative coalgebra generated by a chain com-
plex
In this section, given a chain complex V , we construt an associated cocommutative coal-
gebra C(V ). We also prove that if the field k is of characteristic 0 and V is acyclic, then
C(V ) ≃ k.
Definition 1 (Coalgebra). A coalgebra on Ch≥0(k) is a cotriple (C,△, ε) with C an
object in Ch≥0(k), △ : C −→ C ⊗C a map called diagonalization or comultiplication and
ε : C −→ k a map called the augmentation or counit, which satisfies the coassaciativity
and counitary conditions (see [Swe69, Section 1]). The category of coalgebra is denoted
CA.
A coalgebra (C,△, ε) is cocommutative when the comultiplication △ is co-symmetric.
The category of cocommutative coalgebras is denoted co-CA.
There is a fundamental theorem of coalgebras due to Getzler-Goerss:
Theorem 2. [GG99, Corollary 1.6] Every coalgebra on Ch≥0(k) is a filtered colimit of
its finite dimensional sub-coalgebras.
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We denote by co-Algf the category of profinite non-positively graded differential and
commutative algebras over k, with unit. This category can be seen as left filtered diagrams
of non positively graded finite dimensional commutative k-algebras. Since the dual of a
finite dimensional commutative algebra is a cocommutative coalgebra, one deduce that
the continuous dual of a profinite commutative algebra is a cocommutative coalgebra. We
then set the following result
Proposition 3. Linear duality defines an anti-equivalence between the category co-CA of
cocommutative differential graded coalgebras and the category co-Algf .
Proof. This proposition is similar to [GG99, Prop 1.7] for associative coalgebras. We
consider the morphism D : co-Algf −→ co-CA, which associates to each profinite com-
mutative algebra {Aα} the cocommutative coalgebra
D({Aα}) := colim
α
A∨α,
where A∨α denotes the dual of Aα.
The inverse of this map is given by the functor D′ : co-CA −→ co-Algf defined
as follows: Let C be a cocommutative coalgebra. Using theorem 2, one can write C =
colim
α
Cα, where Cα runs over finite dimensional sub cocommutative coalgebras of C. We
then set
D′(C) := {C∨α}
where C∨α is the dual of Cα.
To complete the proof, one make the following computation: let {Aα} be an object
of co-Algf and C = colim
α
Cα be a cocommutative coalgebra, where Cα runs over finite
dimensional sub cocommutative coalgebras of C.
Homco-CA(C,D({Aα})) ∼= lim
β
Homco-CA(Cβ, colim
α
A∨α)
∼= lim
β
colim
α
Homco-CA(Cβ, A
∨
α)
∼= lim
β
colim
α
Homco-AlgCA(Aα, C
∨
β )
= Homco-Algf ({Aα}, D
′(C))
Lemma 4. Let {Cα} be a right filtered diagram of coalgebras in co-CA and let D be a
finite dimensional cocommutative coalgebra. Then the natural map
colim
α
Hom
co-CA(D,Cα) −→ Homco-CA(D, colim
α
Cα)
is an isomorphism.
Proof. This map is injective using the universal property of colimits.
To prove the surjectivity, we consider a morphism of cocommutative coalgebras f :
D −→ colim
α
Cα, this map factors as a morphism of chain complex D −→ Cα since D is
finite. In addition, since D is finite, there is a morphism Cα −→ Cβ so that D −→ Cα −→
Cβ is a morphism of coalgebras. This proves the surjectivity.
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The consequences of the above results is the following proposition which justifies the
cofree construction of cocommutative coalgebras.
Proposition 5. The forgetful functor U : co-CA −→ Ch≥0(k) has a right adjoint C :
Ch≥0(k) −→ co-CA.
Proof. Let V be a finite dimensional chain complex. We denote by C(V ) the continuous
dual of the profinite completion of the symmetric algebra ΛV ∗. Namely
C(V ) := colim
I
(ΛV ∨/I)∨
where I runs over all ideals of ΛV ∨ of finite codimension. If I ⊂ J are two such ideals
in ΛV ∨, then their induced map in this diagram is the dual of the quotient ΛV ∨/I −→
ΛV ∨/J.
Let C = colim
β
Cβ be a cocommutative coalgebra written as its finite sub-coalgebras.
We make the following computation
Homco-CA(C,C(V ))
(1)
∼= Homco-Algf ({ΛV
∨/I}, D′(C))
∼= lim
β
colim
I
Homco-Alg(ΛV
∨/I, C∨β )
∼= lim
β
Homco-Alg(ΛV
∨, C∨β )
∼= lim
β
HomCh≤0(k)(V
∨, C∨β )
∼= lim
β
HomCh≥0(k)(Cβ, V )
∼= HomCh≥0(k)(C, V )
where (1) is induced by proposition 3 and D′(C) = {C∨β }.
For a general V, we define
C(V ) := colim
α
C(Vα)
where Vα runs over finite dimensional sub chain complexes of V. We have
Homco-CA(C,C(V )) ∼= lim
β
Homco-CA(Cβ, C(V ))
∼= lim
β
colim
α
Homco-CA(Cβ, C(Vα))
∼= lim
β
colim
α
HomCh≥0(k)(Cβ, Vα)
∼= HomCh≥0(k)(C, V )
Theorem 6. We consider that k is a field of characteristic 0. If V is an acyclic chain
complex (i.e. V ≃), then the natural map
C(V ) −→ k
is a quasi isomorphism.
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Proof. One can write C(V ) = colim
α
C(Vα), where Vα runs over finite subcomplexes of
V. Then the proof reduces to proving that C(V )
≃
−→ k when V is a finite and acyclic
chain complex. On the other hand, a finite and acyclic chain complex is of the form:
V = D(n1) × ... × D(nk) where ∀n,D(n) is the chain complex: given a homogeneous
element x,
D(n)i :=
{
kx if i = n or i = n + 1;
0 ortherwise.
The differential d : D(n)n+1 −→ D(n)n is the identity Id : kx −→ kx.
One can write C(V ) = C(D(n1)) ⊗ ... ⊗ C(D(nk)), and therefore the proof reduces to
proving that C(D(n))
≃
−→ k, for any n. In what follows, before proving this result we give
first an explicit desciption of C(D(n)).
1. When n 6= 0, we have
C(D(n)) = colim
I
(Λ(x, y)/I)∗,
where |x| = −n, |y| = −n− 1 and dx = y.
Let Im be the ideal of Λ(x, y) which consists of elements of degree less that −m.
Since the system Λ(x, y)/Im, ∀m ≥ 0 is cofinal among the quotients of Λ(x, y) of
finite dimension, one deduce that
C(D(n)) = colim
m
(Λ(x, y)/Im)
∗ ∼= Λ(x∗, y∗),
where |x∗| = n, |y∗| = n+ 1 and dy∗ = x∗. This is clearly an acyclic chain complex.
2. When n = 0, we still have
C(D(n)) = colim
I
(Λ(x, y)/I)∗, with |x| = 0, |y| = −1 and dx = y.
Given a monic polynomial q(x), let (q(x), dq(x)) be the ideal of Λ(x, y) generated
by {q(x), dq(x)}. One can see that the system given by the quotients
Λ(x, y)/(q(x), dq(x))
is cofinal among the quotients of Λ(x, y) of finite dimension. We can then deduce as
in the previous case that
C(D(0)) = colim
q(x)
(Λ(x, y)/(q(x), dq(x)))∗
∼= colim
q(x), x divides q(x)
(Λ(x, y)/(q(x), dq(x)))∗
At this point, since the colim used in this expression is filtering, to show that C(D(0))
is contractible it is sufficient to prove that each complex Λ(x, y)/(q(x), dq(x)) is
contractible.
Let n = degree(q(x)). We consider the following morphism
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Φ : Λ(x, y)/(q(x), dq(x)) −→ k1 ⊕ ...⊕ kxn−1 ⊕ ky ⊕ ...⊕ kxn−2y
which associates to each class [α] presented by α = u(x) + yv(x), the polynome
Φ([α]) := u1(x) + yv1(x), where u1(x) (resp. v1(x)) is the rest of euclidiean division
of u(x) (resp. v(x)) by q(x) (resp. q′(x)). This morphism is clearly a bijection.
On the other hand, since one have the differential equation d(y) = x, the projection
k1⊕ ...⊕ kxn−1 ⊕ ky ⊕ ...⊕ kxn−2y −→ k1 = k
is a quasi-isomorphism. This completes the proof.
1.3 Weak monoidal adjoint pair
Definition 7 (Quillen pair). (1) A pair of adjoint functor
λ : C ⇄ D : R
between two model categories is a Quillen pair if the right adjoint R preserves fibra-
tions and trivial fibrations.
A Quillen pair (λ,R) induces a derived adjoint pair (Lλ,LR) of functors between
the homotopy categories of C and D(see [Qui67, I.4.5]).
(2) A Quillen pair is a Quillen equivalence if the associated derived functors are equiv-
alences between the homotopy categories.
Definition 8 (Weak monoidal). A weak monoidal Quillen pair between two monoidal
model categories (C,∧, IC) and (D,∧, ID) consists of a Quillen pair λ : C ⇄ D : R satis-
fying the following conditions:
a) For any two objects X and Y in D, there is a morphism
ϕX,Y : R(X) ∧ R(Y ) −→ R(X ∧ Y ), and a morphism ν : IC −→ R(ID),
natural in X, Y and coherently associative, commutative and unital (see diagrams
6.27 and 6.28 of [Bor94]).
b) If X and Y are cofibrant, the adjoint of the composition
X ∧ Y
η∧η
−→ Rλ(X) ∧ Rλ(Y )
ϕλ(X),λ(Y )
−→ R(λ(X) ∧ λ(Y )) and denoted
ϕ˜X,Y : λ(X ∧ Y ) −→ λ(X) ∧ λ(Y )
is a weak equivalence.
c) for some(hence any) cofibrant replacement IcC
≃
−→ IC of the unit object in C, the
composite map λ(IcC) −→ λ(IC)
ν˜
−→ ID is a weak equivalence in D, where
ν˜ : λ(IC) −→ ID is the adjoint of ν.
In the litterature(see [SS03]), one say that the functor R is lax symmetric monoidal
when condition a) is satisfied. In this note we sometimes refer to maps ϕX,Y as the lax
monoidal structure morphisms associated to R.
7
1.4 Symmetric sequence
We give here the definition of a symmetric sequence along with the monoidal structrure
on the category of symmetric sequences. We refer to [Chi12] for more on this topic.
Let (C,∧, IC) be a pointed symmetric monoidal category.
Definition 9 (Symmetric sequence). A symmetric sequence in the category C is a functor
M : FinSet −→ C from the category FinSet, whose objects are finite sets and whose
morphisms are bijections, to C. Denote the category of all symmetric sequences in C by
[FinSet, C](in which morphisms are natural transformations).
Let FinSet0 be the category whose objects are the finite sets r := {1, ..., r} for
r ≥ 0(with 0 the empty set), and whose morphisms are bijections. FinSet0 is clearly
a subcategory of FinSet, and any symmetric sequence M : FinSet −→ C is determined,
up to canonical isomorphism, by its restriction M : FinSet0 −→ C. This restriction con-
sists of the sequence M(0),M(1),M(2), ... of objects in C, together with an action of the
symmetric group Σr on M(r), hence the name "symmetric sequence."
Definition 10. For a finite set J, we define the category J/F inset0 as follows. The class
of objects of J/F inset0 consists of all functions (not necessary bijection) f : J −→ I for
some I ∈ FinSet0, and the set of morphisms from (f : J −→ I) to (f
′ : J −→ I ′) is the
set of bijections σ : I −→ I ′ such that f ′ = σ ◦ f.
Definition 11. Let M and N be two symmetric sequences in C. For each finite set J, we
define a functor
(M,N) : J/F inset0 −→ C
on objects by
(M,N)(f : J −→ I) := M(I) ∧
∧
i∈I
N(f−1(i)).
For morphism σ : I −→ I ′ in J/F inset0 we define
(M,N)(σ) := M(I) ∧
∧
i∈I
N(f−1(i)) −→M(J ′) ∧
∧
i′∈I′
N(f−1(i′)).
by combining map M(σ) with the permutation of the smash product identifying the term
corresponding to i ∈ I with the term corresponding to σ(i) ∈ I ′.
Definition 12 (Composition product). For symmetric sequences M,N, we define a sym-
metric sequence M ◦N by
(M ◦N)(J) := colim
f∈J/F inset0
(M,N)(f).
A bijection θ : J −→ J ′ determines a map (M,N)(f) −→ (M,N)(f ◦θ−1) that is the map
M(I) ∧
∧
i∈I
N(f−1(i)) −→M(I) ∧
∧
i∈I
N(θ(f−1(I)))
via the identity on M(I) and the action of the symmetric sequence N and the bijections
f−1(i) ∼= θ(f−1(i)) given by restricting θ. We thus obtain induced maps
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(M ◦N)(θ) := (M ◦N)(J) −→ (M ◦N)(J ′)
that make M ◦N into a symmetric sequence in C.
Definition 13 (Unit symmetric sequence). The unit symmetric sequence I in the sym-
metric monoidal category (C,∧, IC) is given by
I(J) = IC, if |J | = 1, and I(J) = 0 otherwise;
where 0 is the initial object in C. The map I(J) −→ I(J ′) induced by a bijection J −→ J ′
is the identity morphism on IC or 0 as appropriate.
If the category (C,∧, IC) is such that ∧ commutes with finite colimits, then the com-
position product ◦ is a monoidal product and ([FinSet, C], ◦, I) is a monoidal category,
but not symmetric (see [Chi05, Prop 2.9]). For instance the category (Ch≥t(k),⊗, k) is
closed symmetric monoidal, thus the tensor product ⊗ has a right adjoint, so it preserves
all colimits. Therefore ([FinSet, Ch≥t(k)], ◦, I) is a monoidal category.
In the sequel of this paper, we equip the category of symmetric sequences [Finset, C]
(viewed as functor categories) with the projective model structure which consists of:
- fibrations and weak equivalences are natural transformations that are objectwise
such morphisms in C.
2 Equivalence of symmetric sequences on Quillen equiv-
alent categories
The composition product of symmetric sequences has a monoidal compatibility with the
model structure of the underlying category as we state in the following lemma.
Lemma 14. Let (C,∧, IC) be a symmetric monoidal model category, and cofibrantly gen-
erated. If i : A֌ A′ and j : B֌ B′ are cofibrations in [Finset, C], so that B and B′ are
cofibrant, then the natural morphism
(i∗, j∗) : A
′ ◦B ∐
A◦B
A ◦B′ −→ A′ ◦B′
is a cofibration. In addition if i or j is acyclic, then so is (i∗, j∗).
Proof. We will make a progressive proof when i is respectively a generating cofibration,
a cellular morphism, and finally a cofibration.
1. Suppose that K ⊗ I(Σr)
i
֌ K ′ ⊗ I(Σr) is constructed from a generating cofibration
K ֌ K ′ of C , and let J be a finite set. We have
(K ⊗ I(Σr) ◦B)(J) ∼=
∨
J1∐...∐Jr
K ∧ B(J1) ∧ ... ∧ B(Jr)
∼=K ∧ T rB(J)
where, T rB(J) =
∨
J1∐...∐Jr
B(J1) ∧ ... ∧ B(Jr).
Since the objects B(Ji) and B
′(Ji) are cofibrants and that C is a symmetric monoidal
model category, one deduce that T rB(J) −→ T
r
B′(J) is a cofibration in C. It then
follows that the the induced morphism
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K ′ ∧ T rB(J) ∐
K∧T rB(J)
K ∧ T rB′(J) −→ K
′ ∧ T rB′(J)
is a cofibration in C. This induces the result in this specific case of i. In addition, Since
the functor −◦− preserves left colimits, this result generalizes to any cofibration of
the form
∨
α
Kα ⊗ I(Σα)
i
֌
∨
α
K ′α ⊗ I(Σα).
2. We assume now that i : A −→ A′ is a cellular morphism presented by the β-sequence
(β is an ordinal) :
A = A < 0 >−→ A < 1 >−→ ... −→ A < ρ >−→ ...(ρ < β)
where A′ = colim
ρ
A < ρ >, with pushout diagrams (cell attachement):
K =
∨
α
Kα ⊗ I(Σα) //

A < ρ >

K ′ =
∨
α
K ′α ⊗ I(Σα) // A < ρ+ 1 >
One deduce from this diagram the following pushout:
K ′ ◦B ∐
K◦B
K ◦B′ //


A < ρ+ 1 > ◦B ∐
A<ρ>◦B
A < ρ > ◦B′
iρ

K ′ ◦B′ // A < ρ+ 1 > ◦B′
where the left vertical map is a cofibration using 1. One then deduce that the right
vertical map is also a cofibration.
We deduce from this, the cofibration
A < ρ+ 1 > ◦B ∐
A<ρ−1>◦B
A < ρ− 1 > ◦B′
∼=

A < ρ+ 1 > ◦B ∐
A<ρ>◦B
A < ρ > ◦B ∐
A<ρ−1>◦B
A < ρ− 1 > ◦B′

iρ−1

A < ρ+ 1 > ◦B ∐
A<ρ>◦B
A < ρ > ◦B′

ip

A < ρ+ 1 > ◦B′
We then deduce the result by induction on ρ.
3. Finaly let us assume that i is an arbitrary cofibration. i is by definition the retract
of a cellular map X
i′
−→ Y. Using the universal property of colimits, one deduce
that (i∗, j∗) : A
′ ◦B ∐
A◦B
A◦B′ −→ A′ ◦B′ is a retract of Y ◦B ∐
X◦B
X ◦B′ −→ Y ◦B′
which is a cofibration according to 2. Therefore one deduce that (i∗, j∗) is also a
cofibration, and is acyclic if one of i or j is.
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Lemma 15. Let (C,∧, IC) be a symmetric monoidal model category, and cofibrantly gen-
erated. If i : A ֌ A′ is a cofibration in [Finset, C] , and B is a cofibrant symmetric
sequence in C, then the natural morphism
A ◦B′ −→ A′ ◦B′
is a cofibration.
Proof. We apply the result of lemma 14 in specific case j : IC ֌ B
′.
Let λ : C ⇆ D : R be a Quillen pair between two cofibrantly generated model cate-
gories. One can always lift the pair (λ,R) to a Quillen pair
λ : [Finset, C]⇆ [Finset,D] : R
preserving in this process some properties of the adjunction (λ,R).
Proposition 16. Under the above notation we have the following results.
1. If λ : C ⇆ D : R is a Quillen equivalence, then so is (λ,R).
2. If (C,∧, IC) and (D,∧, ID) are two symmetric monoidal categories so that the cat-
egories ([Finset, C], ◦, I) and ([Finset,D], ◦, I) are monoidal categories, and if the
pair (λ,R) is a weak monoidal Quillen pair, then so is the pair (λ,R).
Proof. 1. Let C be a cofibrant object in [Finset, C], D a fibrant object in [Finset,D]
and a weak equivalence λ(C)
≃
−→ D.
Then for any finite set J, one have the levelwise weak equivalence λ(C(J))
≃
−→ D(J).
Since C(J) is cofibrant and D(J) fibrant, its adjoint C(J)
≃
−→ R(D(J)) is also a
weak equivalence in D. Therferore one have the weak equivalence C
≃
−→ R(D).
2. Let A and B be two symmetric sequences in D.
(R(A), R(B))(f : J −→ I) = R(A(I)) ∧
∧
i∈I
R(B(f−1(i)))
ϕRA,B
−→ R(A(I) ∧
∧
i∈I
B(f−1(i))) = R(A,B)(f : J −→ I)
where ϕRA,B is the natural iteration of the lax monoidal structure morphism associ-
ated to R.
The adjunction of this morphism gives
λ(R(A), R(B))(f : J −→ I) −→ (A,B)(f : J −→ I)
By applying colim one get the map
λ colim
f∈J/F inSet0
(R(A), R(B))(f) −→ colim
f∈J/F inSet0
(A,B)(f)
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and it adjoint gives what we claim to be the lax monoidal structure morphism
ϕRA,B : R(A) ◦R(B) −→ R(A ◦B)
Consider now that (λ,R) is a weak monoidal Quillen pair. Let A,B be two cofibrant
objects in [Finset, C].
The adjoint of the compositionA◦B −→ RλA◦RλB
ϕRA,B
−→ R(λ(A)◦λ(B)) is obtained,
according to our above construction, from the collection of maps: for f : J −→ I,
λ(A,B)(f) −→λ(RλA,RλB)(f) −→ (λ(A), λ(B))(f) (1)
and these later are weak equivalences by assumption. We would like to conclude that
when we apply the colimit functor we obtain the weak equivalence λ(A ◦ B) −→
λ(A) ◦ λ(B).
- We assume that A = colim
ρ
A < ρ >, with single cell attachement
K =
∨
α
Kα ⊗ I(Σα) //

A < ρ >

K ′ =
∨
α
K ′α ⊗ I(Σα)
// A < ρ+ 1 >
When we apply the functor − ◦ B and the functor λ, we obtain the following
cube where the top and back faces are the pushout diagrams
λ(K ◦B) λ(A < ρ > ◦B)
λ(K) ◦ λ(B) λ(A < ρ >) ◦ λ(B)
λ(K ′ ◦B) λ(A < ρ+ 1 > ◦B)
λ(K ′) ◦ λ(B) λ(A < ρ+ 1 >) ◦ λ(B)
≃ ≃
≃ h
where the horizontal weak equivalences are induced by equation (1). The left
vertical cofibrations are induced by lemma 15 since λ(B) is cofibrant and λ
preserves cofibrations. The front and back faces are then homotopy pushout
squares, and one deduce that h is a weak equivalence.
- If A is any arbitrary cofibrant object, it is a retract of a cell object X, and
one deduce easily that λ(A ◦B) −→ λ(A) ◦ λ(B) is as weak equivalence as the
retract of the weak equivalence λ(X ◦B) −→ λ(X) ◦ λ(B).
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3 Simplicial operads
3.1 Cofibrant resolution of chain operads
We assume in this part that the field k is of characteristic 0. Let C = Ch≥t(k), t ∈
N ∪ {−∞} with the cofibrantly generated model structure defined in §1.1. We denote by
OpC the category of connected chain operads. These are operads P so that P (0) = ∗ (the
initial object) and P (1) = k. The category OpC has a model structure (see [BM02, Thm
3.1]) given by
- Fibrations (resp. weak equivalences) are levelwise fibrations(resp. weak equivalences)
in the underlying category C.
- Cofibrations are morphisms which have the left lifting property with respect to
trivial fibrations.
Given a connected chain operad P, since in this case P is a Σ∗-cofibrant operad,
then it is showed in [BM06,Thm 5.1.and Thm 8.5.4.] that the reduced W -construction
W red(Nk∗ (△
1), P ) ∼= BcB(P ) associated to P is its cofibrant model. In particular, there
is a quasi-isomorphism
BcB(P )
≃
−→ P
3.2 Realization of simplicial operads
We assume in this part that the field k is of characteristic 0. We will be working here in
the specific context when C = Ch≥t(k), t ∈ N ∪ {−∞}. To define the realization functor
on simplicial operads, it is fundamental to define first a cosimplicial frame associated to
operads.
Proposition 17. There exists a cosimplicial cocommutative non negatively differential
graded coalgebra C(△•) so that one have a diagram of coalgebras:
k⊗ sk0△
• // β
•
// C(△•) ≃
η• // k
where
- k⊗sk0△
n :=
n
⊕
i=0
kgi is the cocommutative coalgebra with the coproduct △gi := gi⊗gi
and deg(gi) = 0.
- The second map η• is levelwise quasi-isomorphism. Namely , ∀n, ηn : C(△n)
≃
−→ k
Proof. 1. We give an inductive construction of the cosimplicial coalgebra C(△•). We
start with C(△0) := k. The morphism of chain complexes
C(sk0△
1) := kg0 ⊕ kg1 −→ 0
factors as:
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C(sk0△
1) //
$$
α1
$$❏
❏❏
❏❏
❏❏
❏❏
❏
0
V 1
≃
??
        
Since the domain of α1 is a cocommutative coalgebra, using the universal property
of cofree cocommutative coalgebras described in proposition 5, we co-extends α1 to:
kg0 ⊕ kg1 //
β1 // C(V 1)
β1 is a cofibration because of the following cocommutative diagram
kg0 ⊕ kg1
β1 //
))
α1
))❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
C(V 1)

V 1
where the vertical map is the natural projection.
In addition according to lemma 6, one have C(V 1)
η
−→
≃
k. Therefore we have the
following diagram in the category of coalgebras:
kg0 ⊕ kg1 //
β1 // C(V 1) ≃
η // k
We then set:
- C(cosk0△
1) := C(△0) = k
- C(△1) := C(V 1) ⊗ C(cosk0△
1) ∼= C(V 1); The cofaces d0, d1 : C(△0) −→
C(△1) are given by the respective restrictions of β1 on kg0 and on kg1. The
codegeneracy s0 : C(△1) −→ C(△0) is given by η.
If k = 2, we first use the notation C(sk1△
2) to be the colimit, as a coalgebra, of the
diagram
C(△0(2))
yyrrr
rr
rr
rr
r
%%▲▲
▲▲
▲▲
▲▲
▲▲
C(△1(02)) C(△
1
(12))
C(△0(0))
99ssssssssss
// C(△1(01)) C(△
0
(1))
oo
ee❑❑❑❑❑❑❑❑❑❑
where for any i, j ∈ {0, 1, 2}, C(△0(i)) = kgi and refers to the vertices of the standard
simplex△2; C(△1(ij)) are copies of C(△
1) whose indices refer to the 1-simplices of the
standard simplex△2. As in the previous case, we consider the following factorization
of the trivial map:
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C(sk1△
2) //
%%
α2
%%❑
❑❑
❑❑
❑❑
❑❑
❑
0
V 2
≃
??
        
and using the same previous trick, one recovers from α2 a coalgebra morphism
C(sk1△
2) // // C(V 2)
≃ // k
In addition one have an inclusion k ⊗ sk0△
2
֌ C(sk1△
2), thus one form the
morphism
k⊗ sk0△
2 // β
2
// C(V 2) ≃ // k
We then set
- C(cosk1△
2) := lim( C(△1)
s0 // C(△0) C(△1)
s0oo )
- C(△2) := C(V 2)⊗ C(cosk1△
2); The cofaces d0, d1, d2 : C(△1) −→ C(△2) are
given , with our construction, by the respective restriction of α2 on the cofaces
C(△1(ij)). The codegeneracies s
0, s1 : C(△2) −→ C(△1) are obtained from the
projection C(V 2) ⊗ C(cosk1△
2) −→ C(cosk1△
2) followed respectively by the
projections C(cosk1△
2) −→ C(△1).
This construction generalizes inductively to higher values according to the shape of
the standard simplexes △n(n ≥ 0), as follows:
- C(skn−1△
n) := colim
n>m→n
C(△m); One form the factorisation
C(skn−1△
n) // // C(V n)
≃ // k
and then deduce βn : k⊗sk0△
n
֌ C(V n) by precomposing the above injection
with the sequence k⊗ sk0△
n
֌ C(sk1△
n)֌ ...֌ C(skn−1△
n).
- C(coskn−1△
n) := lim
n→m<n
C(△m)
- C(△n) := C(V n) ⊗ C(coskn−1△
n); The cofaces di : C(△n−1) −→ C(△n) and
the codegeneracies sj : C(△n) −→ C(△n−1) are obtained, as in the lower cases,
by construction.
2. The proof that C(△n) ≃ k follows from lemma 18 and the fact that , ∀m,C(V m) ≃
k.
3. Finally we need to show that β• is a Reedy cofibration. In fact, one can see that
∀r ≥ 0, the r−th latching object Lrk⊗ sk0△
• of the cosimplicial object k⊗ sk0△
•
is
Lrk⊗ sk0△
• ∼= k⊗ sk0△
r
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Therefore proving that β• is a Reedy cofibration reduces to proving that ∀r, the
map LrC(△•) = C(skr−1△
r) −→ C(△r) is a cofibration in co-CA and this is done
through the construction of C(△•).
Lemma 18. Using the notations of proposition 17 there is , ∀n ≥ 0, an isomorphism
C(△n) ∼=
⊗
v:n։k
n≥k
C(V k)v
where given any surjection v : n։ k, C(V k)v is the coalgebra C(V
k) labeled by v.
Proof. We give the proof by induction on n. When n = 0, then C(△0) = k satisfies the
hypothesis. We now consider that we have constructed ,for a given n, the isomorphisms
C(△r) ∼= ⊗
v:n։k
n≥k
C(V k)v, for r ∈ {0, ..., n}.
Since C(△n+1) = C(V n+1)⊗ C(coskn△
n+1), it remains in proving that
C(coskn△
n+1) ∼= ⊗
v:n+1։k
n+1≥k
C(V k)v.
We consider the morphism
Φ : C(coskn△
n+1) = lim
u:n+1։m
n+1>m
C(△m)u −→ ⊗
v:n+1։k
n+1>k
C(V k)v
given by the morphisms: for any surjection u : n+ 1։ m,
Φu : C(△
m)u = ⊗
f :m։k
C(V k)f −→ ⊗
v:n+1։k
n+1>k
C(V k)v
is the map which is identity on the terms
C(V k)f
=
−→ C(V k)v when v = f ◦ u
On the other hand, We define the morphism
Ψ : ⊗
v:n+1։k
n+1>k
C(V k)v −→ C(coskn△
n+1) = lim
u:n+1։m
n+1>m
C(△m)u
given by the morphisms: for any surjection u : n + 1։ m,
Ψu : ⊗
v:n+1։k
n+1>k
C(V k)v −→ C(△
m)u = ⊗
f :m։k
C(V k)f
is the map which is identity on the terms
C(V k)v
=
−→ C(V k)f with v = f ◦ u
Ψu is well defined since given an integer k such that k ≤ m and a surjection v : n + 1։ k,
there is a unique surjection f : m։ k so that v = f ◦ u.
One can see by construction that ΨuΦu = Id and that ΦuΨu = Id. This proves that
ΨΦ = Id and that ΦΨ = Id.
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Let P be an operad. Since the tensor product of a cocommutative coalgebra with a
cooperad is again a cooperad, we deduce from lemma 17 the following diagram in the
category coOpC of cooperads on C = Ch≥t(k) :
B(P )⊗sk0△
k // βk // B(P )⊗C(△k)
≃ // B(P )
where,
- B(P ) denotes the bar construction of P ;
- B(P )⊗C(△k)(1) := k;
- ∀r ≥ 2, B(P )⊗C(△k)(r) := B(P )(r)⊗ C(△k).
By applying the cobar construction functor Bc(−) to this sequence one get the operad
diagram:
Bc(B(P )⊗sk0△
•) //
β• // Bc(B(P )⊗C(△•))
≃ // Bc(B(P ))
≃ // P
One deduce without too much effort from this later sequence that
P ⊗△• := Bc(B(P )⊗C(△•))
satisfies all the hypothesis of cosimplicial frames(see [Fre17b, §3.2.2]) associated to BcB(P ).
Definition 19 (Realization). If P• is a simplicial operad on chain complexes C = Ch≥t(k), (t ∈
N ∪ {−∞}), then the realization of P• is given by the coend in OpC
|P•|OpC =
∫ k∈△
Pk ⊗△
k
Notation 1. Let T be a tree. If M is any symmetric sequence in chain complexes, it will
be practical to adopt the notation T (M) := ⊗
v∈V (T )
M(Iv), where V (T ) denotes the set of
the vertices of T and given a vertex v, Iv is the set of all incoming edges to v.
Definition 20 (Filtering the cobar construction). Let C be a cooperad. We define the
filtration FuB
c(C) of the cobar construction of the form:
Bc(C) = F0B
c(C) ⊇ F1B
c(C) ⊇ ... ⊇ FuB
c(C) ⊇ ...
as follows:
FuB
c(C) :=
⊕
T,|V (T )|≥u
T (Σ−1C),
where |V (T )| denotes the number of internal vertices of the tree T.
The cobar differential ∂cobar, which is defined from the cooperad coproduct C −→ C⊗C,
increases the number of vertices of the tree. Therefore ∂cobarFuB
c(C) ⊆ Fu+1B
c(C).
The good characteristic of this filtration is that it isolates the cobar differential ∂cobar
from the first page of the associate spectral sequence. Namely, the associated bigraded
complex F∗,∗B
c(C) is given by
F∗,∗B
c(C) ∼= F (Σ−1C).
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Theorem 21. Let P• be a simplicial operad on chain complexes C = Ch≥t(k), (t ∈ N ∪
{−∞}). Then for any integer r ≥ 0, there is a quasi-isomorphism
Γ : |Bc(B(P•))(r)|C
≃
−→ |P•|OpC(r)
Proof. one can observe that:
|P•|OpC(r)
∼=Bc(
∫ k∈△
coOpC
B(Pk)⊗ C(△
k))(r) ( This is because Bc(−) is a left adjoint functor )
(1)
∼=Bc(
∫ k∈△
[F inset,C]
B(Pk)⊗ C(△
k))(r),
where:
- coOpC denotes the category of cooperads on C;
- The isomorphism (1) is justified by the fact that the forgetful functor U : coOpC −→
[Finset, C] preserves colimits as a left adjoint.
On the other hand the model of the realization functor in chain complexes |Bc(B(P•))(r)|C
that we use in this proof is the coend
|Bc(B(P•))(r)|C ≃
∫ k∈△
C
Bc(B(Pk))(r)⊗ C(△
k)
After this setting we want to construct a chain map
Γ :
∫ k∈△
C
Bc(B(Pk))(r)⊗ C(△
k) −→ Bc(
∫ k∈△
[F inset,C]
B(Pk)⊗ C(△
k))(r)
The construction is made on the set of trees. Namely let T be a tree with r leaves. We
fix an order on the set of the vertices of the tree T and we define the chain map ΓT as
follows:
ΓT :
∫ k∈△
C
T (s−1B(Pk))⊗ C(△
k) −→ T (s−1
∫ k∈△
[F inset,C]
B(Pk)⊗ C(△
k))
T ⊗ c = {γv, v ∈ V (T )} ⊗ c 7−→ {γv ⊗ cv, v ∈ V (T )}
where
△ : C(△k) −→ C(△k)⊗V (T )
v 7−→ ⊗
v∈V (T )
cv is the coproduct of the coalgebra C(△
k).
The collection of the maps ΓT produces naturaly the chain map Γ that we want.
We now have to prove that Γ is a quasi-isomorphism. To prove it we use a spectral
sequence argument from the filtration of the cobar construction of definition 20. Namely,
let us build the filtrations
Fu|B
c(B(P•))(r)|C :=
∫ k∈△
C
FuB
c(B(Pk))⊗ C(△
k)
and
Gu|P•|OpC :=FuB
c(
∫ k∈△
[F inset,C]
B(Pk)⊗ C(△
k))
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One can see that the associated bigraded complexes F∗,∗|B
c(B(P•))(r)|C and G∗,∗|P•|OpC
are equivalent to:
F∗,∗|B
c(B(P•))(r)|C ∼=
∫ k∈△
C
F (Σ−1B(Pk))⊗ C(△
k)
and
Gu,t|P•|OpC =F (Σ
−1
∫ k∈△
[F inset,C]
B(Pk)⊗ C(△
k))
From a classical theorem of spectral sequences, to prove that Γ is a quasi-isomorphism,
it will be enough to show that its restriction to the bigraded complexes F∗,∗|B
c(B(P•))(r)|C
and G∗,∗|P•|OpC is a quasi-isomorphism with the internal differential of these complexes.
This later condition is true if for any fixed tree T, the associated chain map ΓT is a
quasi-isomorphism with the internal differential.
Let us consider now the following commutative diagram
∫ k∈△
C
T (s−1B(Pk))⊗ C(△
k)
ΓT // T (s−1
∫ k∈△
[F inset,C]
B(Pk)⊗ C(△
k))
∫ k∈△
C
T (s−1B(Pk))⊗ C(△
k)⊗N∗(△
k)
ΓT⊗AW∗ //
≃
OO
≃

T (s−1
∫ k∈△
[F inset,C]
B(Pk)⊗ C(△
k)⊗N∗(△
k))
≃
OO
≃
∫ k∈△
C
T (s−1B(Pk))⊗N∗(△
k)
A˜W∗ //
∼=α
T (s−1
∫ k∈△
[F inset,C]
B(Pk)⊗N∗(△
k))
=T (s−1α)
N∗T (s
−1B(P•))
AW∗
≃
// T (s−1N∗B(P•))
where,
1. Given any simplicial chain complex K•, α :
∫ n∈△
C
Kn ⊗ N∗(△
n) −→ N∗K• is the
chain complex defined by: α([x⊗ σ]) := [σ∗x], where σ∗ : Kn −→ K∗ is induced by
σ : ∗ −→ n. The inverse of α is the morphism α′ : [x] 7−→ [x ⊗ ι], where ι denotes
the top cell of △n.
2. A˜W∗ is the iteration (relative to the number of the vertices of the tree T ) of the
following map: given any two simplicial chain complexes K• and L•, one have
A˜W :
∫ n∈△
Kn ⊗ Ln ⊗N∗△
n −→ ⊕
k+l=n
∫ k∈△
Kk ⊗N∗△
k ⊗
∫ l∈△
Ll ⊗N∗△
l
[x⊗ y ⊗ ιn] 7−→ [ι(0...k)
∗x⊗ ιk]⊗ [ι(k...n)
∗y ⊗ ιl]
where ιj is the top cell of △
j; ιn(0...k) : k −→ n and ιn(k...n) : l −→ n are the
canonical monotone injections defined by: ιn(0...k)(i) = i, ιn(k...n)(i) = k + i.
3. AW∗ : N∗T (s
−1B(P•))
≃
−→ T (s−1N∗B(P•)) is the iteration (relative to the number
of the vertices of the tree T ) of the Alexander Whitney map AW defined as follows:
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given any two simplicial chain complexes K• and L•, a ∈ Kn, and b ∈ Ln, one have
AW∗ : N∗(K• ⊗ L•) −→ N∗(K•)⊗N∗(L•)
AW (a⊗ b) := Σ
p+q=n
dp(a)⊗ dq0(b)
where the "front face" dp : Kn −→ Kp and the "back face" d
q
0 : Ln −→ Lq are
induced by the injective monotone maps δp : p −→ p+ q and δq0 : q −→ p+ q
defined by: δp(i) := i and δq0(i) := p + i.
This is the same map though defined with a different notation in [ML63, Chap VIII,
Corollary 8.6.], and is known to be a quasi-isomorphism (see [SS03, § 2.3.]).
4. The vertical weak equivalences in each column are due to the fact that the terms in
the integral are all good model for simplicial framing.
From this diagram, since the morphism AW∗ at the bottom is a quasi-isomorphism,
it follows inductively that ΓT is a quasi-isomorphism.
3.3 Simplicial resolution of operads
Let (C,∧, IC) be a symmetric monoidal category equipped with colimits such that ∧ dis-
tributes over colimits. In this context we are able to define free operads. There are the
following adjoint functors:
F : [Finset, C]⇄ OpC : U
where F denotes the free operad functor, and U is the forgethful functor. This adjunction
gives the comonad T := FU : OpC −→ OpC.
Let P be an operad in C. We define the simplicial operad Res•(P ) associated to the
comonad T and the operad P as follows:
For any integer k, Resk(P ) := T
k+1(P )
The counit ε : T −→ 1 of the comonad T is used in the classical way to construct
the faces di : Resk(P ) −→ Resk−1(P ), 0 ≤ i ≤ k. The degeneracies sj : Resk(P ) −→
Resk+1(P ), 0 ≤ j ≤ k, are induced by the comonadic coproduct µ : T −→ T
2.
Remark 22. The simplicial operad Res•(P ) has a natural augmentation Res0(P ) =
T (P )
ε
−→ P.
The associated augmented simplicial chain complex sequence ε : URes•(P ) −→ UP
has extra degeneracies s−1 : UResk(P ) −→ UResk+1(P ), (∀k ≥ −1) given by:
UP
s−1=ηUP // UFU(P )
s−1=ηURes0P //
=
UFUFU(P )
s−1 //
=
...
URes0(P ) URes1(P )
A straight consequence of these extra degeneracies when C = Chk,t is that one have
the quasi-isomorphisms : ∀r ≥ 0,
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ε : |Res•(P )(r)|C
≃
−→ P (r)
Proposition 23. Let us consider the category (C = Chk,t,⊗, k). If P be a cofibrant operad
on C, then the augmentation ε : |Res•(P )|OpC −→ P is a weak equivalence.
Proof. Let us consider the following commutative diagram: ∀r ≥ 0,
|BcB(Res•(P ))(r)|C
≃
(1)
//
≃
(2) ))❙❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙
|Res•(P )|OpC(r)
(4)
  
  
  
  
  
  
  
  
  
 
|Res•(P )(r)|C
(3)
≃
&&◆◆
◆◆
◆◆
◆◆
◆◆
◆
P (r)
where
- The quasi-isomorphism (1) is induced by theorem 21;
- The quasi-isomorphism (2) is induced by the following fact:
P is cofibrant, therefore Res•(P ) and B
cB(Res•(P )) are Reedy cofibrant. We con-
clude using [Fre17b, Thm 3.3.7.] that (2) is a quasi-isomorphism.
- (3) is induced by remark 22.
We then deduce by the 2-out of 3 property of weak equivalence that (4) is a quasi-
isomorphism.
4 Equivalence of operads on Quillen equivalent cate-
gories
Let λ : C = Ch≥t(k)⇄ D : R be a Quillen pair between the category of chain complexes
Ch≥t(k) (t ∈ N ∪ {−∞}) with its classical projective model structure, and any model
category D. If in addition the category D is monoidal and the pair (λ,R) is a weak
symmetric monoidal Quillen pair, then the functor R extends naturaly to a functor R :
OpD −→ OpC given by:
∀k and P ∈ OpD, (R(P ))(k) := R(P (k)).
It is proved in [Fre17a, Prop 3.1.5.-(a) ] that the functor R has a left adjoint L : OpC −→
OpD given by:
(a) If P = F (M) is a free operad in chain complexes generated by a symmetric sequence
M, then
L(F (M)) := F (λ(M)),
where λ : [Finset, C] −→ [Finset,D] is the aritywise left composition with λ;
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(b) If P is any operad on chain complexes, then one make the following identification:
P ∼= coeq(FUFU(P ) FU(P ))
d0
d1
where
- U : OpC −→ [Finset, C] is the forgetful functor;
- d0 : FUFU(P ) −→ FU(P ) is the morphism of operads adjoint of the identity
morphism of symmetric sequences Id : UFU(P ) −→ UFU(P );
- d1 = FU(ε) : FUFU(P ) −→ FU(P ), with ε : FU(P ) −→ P being the mor-
phism of operads adjoint to the identity of symmetric sequences Id : U(P ) −→
U(P ).
We now set
L(P ) := coeq(F (λ(UFU(P )))︸ ︷︷ ︸
=L(FUFU(P ))
F (λ(U(P )))︸ ︷︷ ︸)
=L(FU(P ))
It is good to remark that the pair (L,R) remains a Quillen pair. Using this notation and
construction, we state the following theorem:
Theorem 24. Let λ : C = Ch≥t(k)⇄ D : R be a weak monoidal Quillen pair between the
category (Ch≥t(k),⊗, k), (t ∈ N ∪ {−∞}), and any other symmetric monoidal category
(D,∧, ID). If the pair (λ,R) is a Quillen equivalence, then so is the pair L : OpC ⇄ OpD :
R.
To pove this theorem, we will need the result of the following lemma
Proposition 25. Let λ : C = Ch≥t(k)⇄ D : R be a weak monoidal Quillen pair between
the category (Ch≥t(k),⊗, k), (t ∈ N∪{−∞}), and any other symmetric monoidal category
(D,∧, ID). If P is a cofibrant operad in Ch≥t(k), then the morphism λ(U(P )) −→ UL(P )
, which is adjoint to the unit η : P −→ RL(P ), is a weak equivalence.
Proof. We form the following diagram which is commutative from the natural transfor-
mations |Res•(−)|OpC −→ 1OpC and | − |C −→ U | − |OpC : ∀r ≥ 0,
λ(P (r)) // L(P )(r)
λ(|Res•(P )|OpC(r))
//
≃ (1)
OO
L(|Res•(P )|OpC)(r)
≃ (2)
OO
∼=
(3)
// |L(Res•(P ))|OpC(r)
|λ(Res•(P )(r))|C
∼=
(5)
// λ(|Res•(P )(r)|C) //
(4) ≃
OO
|L(Res•(P ))(r)|C
(6) ≃
OO
where,
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- The weak equivalence of (1) is justified by the weak equivalence of corollary 23, and
the fact that the functor λ is a left Quillen adjoint so preserves weak equivalences (
all chain complexes are cofibrant);
- The weak equivalence of (2) is justified by the following facts: the functor L is
a left Quillen adjoint, thus preserves weak equivalence between cofibrant operads,
and the operads P an |Res•(P )|OpC are cofibrant , thus by applying L to the weak
equivalence of proposition 23, one obtain (2);
- The weak equivalences of (4) and (6) are a straigth use of Theorem 21;
- The isomorphisms (3) and (5) come from then fact that the functors L and λ
commute with colimits as left adjoint.
The orizontal map at the bottom is obtained litteraly by applying the functor | − |C to
the simplicial map
λ((FU)•+1(P ))(r) −→ L((FU)•+1(P ))(r) = Fλ(FU)•+1(P )(r)
and this later map is a weak equivalence since it is built out of the lax monoidal morphisms
∀V,W ∈ Ch+k , λ(V ⊗W )
≃
−→ λ(V ) ∧ λ(W ).
One therefore deduce from the bottom weak equivalence of the diagram that the middle
and then the top map are weak equivalences.
Proof of theorem 24. Let P be a cofibrant operad on C = Ch≥t(k), Q be a fibrant operad
in D, and consider a weak equivalence f˜ : L(P )
≃
−→ Q.
The adjoint of this map fits into the commutative diagram P //

R(Q)
RL(P )
R(f˜)
::✈✈✈✈✈✈✈✈✈
We aim to prove that the map P −→ R(Q) is a quasi-isomorphism. It will be enough
in showing that the morphism UP −→ UR(Q) (where U : OpC −→ [FinSet, C] is the
forgethful functor) is a quasi-isomorphism.
The adjoint in [FinSet,D] of the diagram
UP //

UR(Q)
URL(C)
R(f˜)
99ssssssssss
gives the diagram
λU(P )
(2) //
(1)

UQ
UL(P )
Uf˜
≃
;;✇✇✇✇✇✇✇✇✇
We proved in lemma 25 that (1) is a weak equivalence, therefore (2) is a weak equivalence
between the fibrant UQ ( in [FinSet,D]) and the cofibrant UP ( in [FinSet, C]) object.
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We now use the fact that the adjoint pair (λ,R) is a Quillen equivalence (proposition 16)
to deduce that UP −→ UR(Q) is a weak equivalence.
Conversely, consider a quasi-isomorphism g : P
≃
−→ R(Q). We want to prove that
g˜ : L(P )
≃
−→ Q, and it will be sufficient to prove that g˜ : UL(P )
≃
−→ UQ. Let us consider
the commutative diagram
λ(UP )
α0 //
λ(g)

UL(P )
γ0

g˜
##●
●●
●●
●●
●●
λRQ
α1 // ULRQ
γ1 // UQ
- α0 is a quasi-isomorphism according to lemma 25;
- γ1 ◦ α1 : λR −→ UQ is the unit of the adjunction (λ,R), therefore γ1α1λ(g) :
λ(UP ) −→ UQ is the adjoint of g. One then deduce that γ1α1λ(g) = g˜α0 is a weak
equivalence, since (λ,R) is a Quillen equivalence.
Therefore from the 2 out of 3 property, one deduce that g˜ is a weak equivalence.
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